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Abstract: We study the entropy of extremal four dimensional black holes and five di- 
mensional black holes and black rings is a unified framework using Sen's entropy function 
and dimensional reduction. The five dimensional black holes and black rings we consider 
project down to either static or stationary black holes in four dimensions. The analysis 
is done in the context of two derivative gravity coupled to abelian gauge fields and neu- 
tral scalar fields. We apply this formalism to various examples including C/(l) 3 minimal 
super gravity. 

Keywords: Attractors, Black holes, Black rings. 



Contents 



1. Introduction 1 

2. Black thing entropy function and dimensional reduction 2 

3. Algebraic entropy function analysis 4 

3.1 Set up 4 

3.2 Charges 8 

3.3 Preliminary analysis 8 

3.4 Black rings 9 

3.5 Static 5-d black holes 10 

3.6 Very Special Geometry 11 

3.6.1 Black rings and very special geometry 11 

3.6.2 Static black holes and very special geometry 13 

3.6.3 Non-supersymmetric solutions of very special geometry 13 

4. General Entropy function 14 

A. Dimensional reduction 15 

B. Notes on Very Special Geometry 16 

C. Supersymmetric black ring near horizon geometry 17 

D. Spherically symmetric black hole near horizon geometry 21 

E. Non-supersymmetric ring near horizon geometry 22 

E.l Near horizon geometry 24 



1. Introduction 

The attractor mechanism has played a significant part in furthering our understanding of 
black holes in string theory [1, 2, 3]. A characteristic of extremal black holes, the mechanism 
fixes the near horizon metric and field configuration of moduli independent of the moduli's 
asymptotic values. 

While the original work was in the context of spherically symmetric supersymmetric 
extremal black holes in (3+ l)-dimensional J\f = 2 supergravity with two derivative actions, 
the mechanism has been found to work in a much broader context. Examples of this 
include non-supersymmetric theories, actions with higher derivative corrections, extremal 
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black holes in higher dimensions, rotating black holes and black rings [4, 5, 6, 7, 8, 9, 10, 
11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 
36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53]. 

In particular, by examining the BPS equations for black rings, [33], found the attractor 
equations for super symmetric extremal black rings. Motivated by the results of [54, 4, 29], 
which demonstrate the attractor mechanism is independent of supersymmetry, we sought 
to show the attractor mechanism for black rings with out recourse to supersymmetry by 
using the entropy function formalism of [29]. We note that [55] have made use of the 
formalism for studying small black rings. 

Using the connection between four dimensional black holes and five dimensional black 
rings in Taub-NUT [56, 57, 58] we construct the entropy function for black rings. In fact 
we found that the same technique works for five dimensional black holes. This allows us 
to write down a single entropy function describing both black holes and black rings — one 
entropy function to rule them all. 1 

In section 2 we discuss our set up and apply dimensional reduction from five to four 
dimensions. In section 3 we study black holes and black rings whose near horizon geometry 
have AdS2 xS 2 xU (1) symmetries. The U (1) may be non-trivially fibred. After dimensional 
reduction along the U(l), we get an AdS2 x S 2 near horizon geometry. This class includes 
static black holes with AdS2 x S 13 horizons and black rings with AdSs x S 2 horizons. For 
the black holes the U(l) is fibred over the S 2 while for the ring we fibre over the AdS2- We 
specialise these examples to the case of Lagrangians with very special geometry and find the 
BPS and non-BPS attractor equations. In section 4 we consider an AdS2 x ^(l) 2 horizon 
which projects down to an AdS2 x U{\). In this case both C/(l)'s may be non-trivially 
fibred. 



2. Black thing entropy function and dimensional reduction 

We wish to apply the entropy function formalism [29, 30], and its generalisation to rotating 
black holes [40], to the five dimensional black objects — black rings and black holes. These 
objects are characterised by the topology of their horizons. Black ring horizons have S 2 x S 1 
topology while black holes have S 3 topology. 

We consider a five dimensional Lagrangian with gravity, n v Abelian gauge fields, F 1 , 
n s neutral massless scalars, X s , and a Chern-Simons term: 

S = J^r^r J dSx^ g (R-hsT{X)d,X s d»X T -] u {X)F^ 

(2-1) 

where e^ ua ^ is the completely antisymmetric tensor with e 01234 = The gauge 

couplings, fu, and the sigma model metric, hsT, are functions of the scalars, X s , while the 
Chern-Simons coupling, c~ijk, a completely symmetric tensor, is taken to be independent 
of the scalars. The gauge field strengths are related to the gauge potentials in the usual 

x During the preparation of the paper, [53] appeared which carries out this analysis for a class of five 
dimensional rotating black holes. 
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way: F 1 = dA 1 . We use bars to distinguish 5D objects from the 4Z) ones which will appear 
after dimensional reduction. We take the indices {I, . . . , M} to run over the n v 5D gauge 
fields and the indices {S, T} to run over the n s 5D scalars. 

Since the Lagrangian density is not gauge invariant, we need to be slightly careful about 
applying the entropy function formalism. Following [32] (who consider a gravitational 
Chern-Simons term in three dimensions) we dimensionally reduce to a four dimensional 
Lagrangian density which is gauge invariant. This allows us to find a reduced Lagrangian 
and in turn the entropy function. As a bonus we will also obtain a relationship between 
the entropy of four dimensional and five dimensional extremal solutions - this is the 4D- 
hD lift of [59, 56] in a more general context. The relationship between the four and five 
dimensional charges is extensively discussed in [59, 56]. 

Assuming all the fields are independent of a compact direction tp, we take the ansatz 2 



ds 2 = W - l g^dx^dx v + w 2 (dip + A ^) 2 , 
A 1 = A^dx" + a 1 ^) (dip + A°dx») , 
X s = X s (x^ 1 ). 



(2.2) 
(2.3) 
(2.4) 



Whether space-time indices above run over 4 or 5 dimensions should be clear from the 
context. Performing dimensional reduction on ip, the action becomes 



where 



fij and fij are (1 + n v ) x (1 + n v ) matrices: 



G4 = G5 



(2.6) 



fij — 



J 

0A™ 3 + wf LM a L a M wf JL a L \ 
I V wf IL a L wfu J 

J 
f 2c KLM a K a L a M 3c JKL a K a L 



I V 3ciKLd K a L Qcuxa 



K 



(2.7) 



(2.8) 



and h rs is a diagonal (1 + n v + n s ) x (1 + n v + n s ) matrix: 

h rs = diag ( %w- 2 , 2wf u , h RS ) • 



(2.9) 



The gauge indices, {i,j}, labeling the (1 + n v ) four dimensional gauge fields, run over 
0, 1, . . . ,n v . The additional gauge field, ^4° comes from the off-diagonal part of the five 



2 For simplicity, we will work in units in which the Taub-Nut modulus is set to 1. Due to the attractor 
mechanism, the modulus will drop out of the final result. 
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dimensional metric while the remaining ones descend from the original five dimensional 
gauge fields. The four dimensional gauge field strengths are given by F % = (dA°,dA I ) 
where the four dimensional gauge fields are given in terms of the 5D ones by (2.3). The 
scalar indices, {r, s}, labelling the four dimensional scalars, run over (1 + n v + n s ) values. 
The first additional scalar, w, comes from the size of the Kaluza-Klein circle. Then next 
set of n v scalars, which we label a 1 , come from the ■i/'-components of the five-dimensional 
gauge fields and become axions in four dimensions. Lastly, the original n s five dimensional 
scalars, X s , descend trivially. We write the four dimensional scalars as, 3> s = (w,a ! , X s ). 
Finally, notice that the coupling, fij(Q), is built up out of the five-dimensional Chern- 
Simons coupling and the axions. Details of the derivation of the form of can be found 
in Appendix A. 

In the next two sections we shall consider what happens when the near-horizon geome- 
tries have various symmetries. Firstly, we will look at black holes and black rings with a 
higher degree of symmetry, namely AdS2 x S2 x U(l), where the U(l) may be non-trivially 
fibred. Upon dimensional reduction we obtain a static, spherically symmetric, extremal 
black hole near-horizon geometry — AdS2 x S2 — for which the analysis is much simpler. 
The entropy function formalism only involves algebraic equations. After that we will look 
at black objects whose near horizon symmetries are AdS2 x U(l) 2 in five dimensions. Once 
again, the t/(l)'s may be non-trivially fibred. After dimensional reduction, we get an ex- 
tremal, rotating, near horizon geometry — AdS2 x U(l) — for which the entropy function 
analysis was performed in [40]. For this case, the formalism involves differential equations 
in general. 

3. Algebraic entropy function analysis 

In this section, we will construct and analyse the entropy function for five dimensional 
black holes and black rings sitting in Taub-NUT space with AdS2 x S2 x £7(1) near horizon 
symmetries (with the U(l) non-trivially fibred). One can formally dimensionally reduce 
along the U(l) to obtain an effective four dimensional description in terms of a black hole 
with AdS2 x S2 near horizon symmetries. 

After introducing an appropriate ansatz, we will calculate and analyse the entropy 
function. We will apply the analysis to static black holes which turn out to have AdS2 x S 3 
horizons and black rings which turn out to have AdS% x S 2 horizons. We will see that 
these black rings are in some sense dual to the black holes. Interestingly, we do not need to 
assume the S 3 and the AdS^ geometries — they follow from the entropy function analysis. 
We will then apply our result to Lagrangians with real special geometry. 

3.1 Set up 

Before proceeding to the analysis, and to justify our ansatz, (3.1-3.3), for the near horizon 
geometry, we need to establish some notation and consider the geometry of the dimensional 
reduction of five dimensional black holes and black rings to four dimensional black holes. 

As previously mentioned, five dimensional black holes and black rings are characterised 
by their horizon topologies which are S 3 and S 2 x S 1 respectively. Assuming no dependence 
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on the fifth direction we can formally dimensionally reduce their near horizon geometry to 
obtain an effective four dimensional description. In the case of the S 3 we can dimensionally 
reduce along a U(l) fibre and for S 2 x S 1 we can dimensionally reduce along the S 1 . In 
both cases we end up with an S 2 topology so that the effective four dimensional description 
of both five dimensional black holes and black rings is in terms of a four dimensional black 
hole. 

The dimensional reduction of black ring and black hole geometries in Taub-NUT space 
is schematically illustrated in figure 1 and 2. 



or 



Black ring in Taub-NUT 




Dimensional Reduction 
on S 1 of Ring 





p 

Naked KK monopole Black hole 



Figure 1: A Black ring away from the centre of Taub-NUT is projected down to a black hole and 
naked Kaluza-Klein magnetic monopole in four dimensions. The angular momentum carried in the 
compact dimension will translate to electric charge in four dimensions. An AdS 2 x S 2 x U(l) near 
horizon geometry will project down to AdS 2 x S 2 . On the other hand, an AdS 2 x U(l) 2 will go to 
AdS 2 x [7(1). 




7' 



Figure 2: A black hole at the centre of Taub-NUT caries NUT charge. Using the Hopf fibration 
it can be projected down to black hole carrying magnetic charge. A spherically symmetric black 
hole with near horizon geometry of AdS 2 x S 3 will project down to an AdS 2 x S 2 . On the other 
hand, a rotating black hole with a AdS 2 x U(l) 2 geometry will go to AdS 2 x U(l). 

Since the entropy function analysis only depends on the near horizon geometry we 
will not be interested in the full geometry of Taub-NUT space. We will only be concerned 
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with its influence on the near horizon geometry. The effect of the Taub-NUT charge is to 
introduce identifications so that the black hole horizon topology becomes 5 3 /Z p o and the 
black ring horizon topology becomes S 2 x S 1 /Zpo 

We either use p°, to denote the Taub-NUT charge of the space a black ring is sitting 
in, or p°, to denote the charge of a black hole sitting at the centre of the space. In each 
case the U(l) will be replaced by either U(l)/p° or U(l)/p°. Unlike the black hole, the 
black ring does not carry Taub-NUT charge. Since we are only looking at the near horizon 
geometry, the only influence of the charge on the ring will be to induce an identification 
which we can impose this by hand. To encode asymptotically flat space we simply set the 
Taub-NUT charge to 1 in both cases. For a unified presentation, we include p° and p° in 
the formulae below. Given this notation, when we consider black rings, we must remember 
to set p° = and mod out the U(l) by p°. When considering black holes, p° is non-zero 
and, since we do need to mod out by hand, we set p° = 1. 

For black holes, we can fibre the U(i) over the S 2 to get S ,3 /Z„o while for the rings it 
will turn out that we can fibre the U(l) over the AdS 2 to get AdS^/Z^o. These fibrations 
will only work for specific values of the radius of the Kaluza-Klein circle, w, depending 
on the radii of the base spaces, S 2 or AdS 2 , and the parameters, p° or e° respectively. 3 
Even though we start out treating w as an arbitrary parameter, we will see below that 
the "correct" value for w will be dynamically generated by solving the equations of motion 
for w coming from the entropy function analysis. The fibration which gives us <S 3 is the 
standard Hopf fibration and the one for AdS, which is very similar, is discussed towards 
the end of Appendix C. 

Now, to study the near horizon geometry of black holes and black rings in Taub-NUT 
space, with the required symmetries, we specialise our Kaluza-Klein ansatz, (2.2-2.4), to 

..„2 

ds 2 = w' 1 



v- L 



dr 2 \ 

-r 2 dt 2 + ^ 2 -)+v 2 {d9 2 + sin 2 9d(p 2 ) 



+ w 2 (dip + e° rdt + p° cos 6d(pf , (3.1) 
A 1 = e 1 rdt + p 1 cos ddcp + a 1 (dtp + e° rdt + p° cos 6d(p) , (3.2) 
X s = u s , (3.3) 



where the coordinates, 9 and <p have periodicity it and 2tt respectively. The coordinate 
tp has periodicity Air for black holes and 4ir/p° for black rings. This ansatz, (3.1-3.3), is 
consistent with the near horizon geometries of the solutions of [60, 61, 62, 63] as discussed 
in Appendix C. 

Now that we have an appropriate five dimensional ansatz, we can construct the entropy 
function from the dimensionally reduced four dimensional Lagrangian. From the four 
dimensional action, we can evaluate the reduced Lagrangian, /, evaluated at the horizon 
subject to our ansatz. The entropy function is then given by the Legendre transformation 
of / with respect to the electric fields and their conjugate charges. 

3 e° is conjugate to the angular momentum of the ring. 
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The reduced four dimensional action, /, evaluated at the horizon is given by 

'-ii^/„ iM ^-iM^U dM *^ (3 ' 4) 

The equations of motion are equivalent to 

f,v\ = f,V2 = f,w = f,s = f $ = 0, (3-5) 

f, e i = Nq u (3.6) 

where e l = (e°,e 7 ) and % are its (conveniently normalised) conjugate charges. We choose 
the the normalisation N = Ait/p Q G<s = I/G4. Using the ansatz, (3.1), we find 

f- 

+ (^) CI.JK {p'eJa* + £(pV + eV)a J a K + ±pWa J a K } , (3.7) 



2tt \ ( v 1 -v 2 -(vi/v 2 ) l\w z {p ) 2 + wfuip 1 + p°a I )(p J + p°a J )] 
P°GW 1 +(t^M) [^ 3 (e°) 2 + t ( ;/ 7 j(e / + e a 7 )(e J + e a- 7 )] 



while (3.6) gives the following relationship between the electric fields, e l , and their conjugate 
charges qf. 



9/ = feMW/j(e J +e°a J ), (3.8) 
qo ~ a'y = (v 2 / Vl ) (\w 3 e°), (3.9) 

where, p l = {p ,p T ), fij is given by (2.8) and the shifted charges, fa, are defined as 

qi = qi-fijP j - (3.10) 

The entropy function is the Legendre transform of / with respect to the charges qf. 

£ = 2Tr(Nq t e i - f). (3.11) 

In terms of £ the equations of motion become 

£,vi = £,V2 = = = £ $ = £,e = 0- (3-12) 

Evaluating the entropy function gives 

4tt 2 

£ = 2Tr{Nq l ei - f) = —- {v 2 - Vl + («iM)^ e// } , (3.13) 
V ^5 

where we have defined the effective potential 

V e ff = f ij q i q j + fi j p i p j (3.14) 
where fij is given by (2.7) and / u , the inverse of fij, is given by 

J 

r = °( iw " r iw " aJ V (3.i5) 

I \—4w 3 a I w 1 f IJ + Aw 3 a I a J J 
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where / is the inverse of fij. More explicitly, the effective potential is given by 

V eff = \w\ P Q f + Aw-*{q Q - /o 3 (aV - a\ qi - fij^} 2 
+ w f IJ (X){ p I + a I p }{p J + a J p } 

+ w- 7 /J (^){?/ " flk(a)p k }{qj - fji(d)p 1 }, (3.16) 

3.2 Charges 

From a four dimensional perspective, the charges are simple to interpret — the p % are 
conventional magnetic charges and the q l are the conjugates to the electric field. Since we 
are using dimensional reduction to perform our calculations, it is easiest to work with these 
charges. When we write the gauge field in terms of a Kaluza-Klein ansatz, (3.2), from a 
five dimensional perspective, things are a little more complicated. We need to separately 
consider the charges p°, p 1 , q° and q 1 . 

The charge p° corresponds to the Taub-NUT charge while the p 1 are related to the 
dipole charge. When p° is zero, the charges p 1 correspond to dipole charges of the S2 
parameterised by 9 and (j). This is the case for the black ring solutions considered in 
section 3.4. On the other hand, when p° is non-zero, the flux through the 52, in our 
conventions, goes like p 1 + a 7 p°. It is this quantity should be interpreted as the dipole 
charge rather than j/. So generally, the relationship between p 1 and the dipole charge will 
depend on the value of the axions, a 1 and the Taub-NUT charge. When we are considering 
black holes, we expect the dipole charge to be zero, but as we will see in section 3.5, the 
p 1 are non-zero. In this case they are simply to be interpreted as a quantity proportional 
to a 1 . 

The charge q° is related to the angular momentum while the q 1 are related to the 
electric charge. When e° is zero, the q 1 are simply the conjugates to the electric-field. 
Analogous to the dipole charges discussed above, when e° is non-zero, the electric field goes 
like e l + a 1 e° . In this case, the relationship between q 1 and the electric charge depends on 
the values of e° and a 1 . 

3.3 Preliminary analysis 

While the effective potential V e ff is in general quite complicated, the dependence of the 
entropy function, (3.13), on the S 2 and AdS 2 radii is quite simple. Extremising the entropy 
function with respect to v\ and V2, one finds that, at the extremum, 

4tt 2 

with 

vi = v 2 = V ef f\ dv=0 , (3.18) 
where the effective potential is to be evaluated at its extremum: 

9 {w ,a,X}Veff = 0. (3.19) 
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From, (3.18), we see that the radii of the S 2 and AdS 2 are equal with the scale set by size 
of the charges. 

As a check, we note that, the result, (3.17), agrees with the both the four and five 
Hawking-Bekenstein entropy since, 

A$ = J dipd6d(j)y/g^geeg<j>^ = 16tt 2 v 2 /p° (3.20) 

so 

(3 - 18) u\ 

(3.20) 4? (2 . 6 ) A$ 

8 = 4G~ 5 = 4G; = Sbh - (3 - 21) 
Notice that w drops out of (3.21). 

Finding extrema of the general effective potential, V e ff, given by (3.16) may in principle 
be possible but in practice not simple. In the following sections we consider simpler cases 
with only a subset of charges turned on. 

3.4 Black rings 

We are now really to specialise to the case of black rings. As discussed at the beginning of 
the section, for black rings, we take p° = so that our ^4<iS2 x £7(1) x S 2 ansatz 4 becomes 

ds 2 = w- 1 Vl (-r 2 dt 2 + + v 2 {d6 2 + sin 2 6d<j) 2 ) + w 2 (dtp + e° rdt) 2 , (3.22) 

A 1 = e 1 rdt + / cos 6d(j) + a 1 (dtp + e° rdt) , (3.23) 
X s = u s . (3.24) 

In this case the gauge field (or in 4-D language the axion) equations simplify consid- 
erably and it is convenient to analyse them first. Varying / with respect to a we find 

du(e J + eV) = (3.25) 

where du = wfije + 6cijkP K ■ Assuming du has no zero eigenvalues, (3.25) implies that 
the electric field, F/ r = e J + e°a J , is zero. Using (3.8,3.10) this in turn implies qj = 
which, using (2.8,3.10), allows us to solve for the axions: 

a K = c KJ qj, (3.26) 

where c KJ is the inverse of 

cij = Qc IJKP K . (3.27) 

Notice that cjj is equal to the sub- matrix, fjj, with a K replaced by p K . Now substituting 
(3.26) into the definition of <7o we find: 

% = QO ~ \c IJ qi qj. (3.28) 



4 It will turn out that once we solve the equations of motion, the value of w is such that the geometry 
is AdSt x S 2 . In Appendix C, we have discussed the near horizon geometry of supersymmetric black ring 
solution. 
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So, eliminating the axions and using qi = 0, the effective potential becomes 



V eff = wfjjptp- 1 + (4w~ 3 )(q ) 2 . (3.29) 

Using d w V e ff = we find 



w 4 = (3.30) 



where we have defined the magnetic potential, Vm = fuP I P J ■ So 

4 



K// = ^wViwr = 16ur 3 ((7o) 2 (3.31) 



Eliminating w; from V e ff we get 



V?o(|V^)i (3.32) 



We note that 



8?r 2 

egtf 2 = fitf -1 (3.33) 



which, we see by comparison with (C.40), means that we have a S 2 xAdS^/Z,po near horizon 
geometry. Finally, using (3.18,3.31,3.33) we can also write the entropy as 

£= wk^ VM) ~ 2{e ° rl (3 - 34) 

3.5 Static 5-d black holes 

We now consider five dimensional static spherically symmetric black holes. Since they are 
not rotating we take e° = 0. This is in some sense "dual" to taking p° = for black rings. 
To examine this analogy further, we will relax the natural assumption of an AdS2 x S 3 
geometry to AdS2 x S 2 x U(l). We will see that the analysis for the black holes is very 
similar to the analysis of the black rings with the magnetic potential replaced by an electric 
potential. Once we solve the equations of motion we recover an AdS2 x S 3 geometry via 
the Hopf fibration. This is analogous to the black ring where we got AdS^ x S 2 with the 
U(l) fibred over the AdS 2 rather than the S 2 . 
With e° = 0, our ansatz becomes 



ds 2 = w- 1 



vt {-r 2 dt 2 + + v 2 {de 2 + sin 2 Odcf) 2 ) + w 2 (dip + p° cos Od^f , (3.35) 

A 1 = e 1 rdt + / cos 6d(j) + a 1 (dip + p° cos Odcf)) , (3.36) 

$ s = u s . (3.37) 

In this case the gauge field equation becomes 

du(p J + p°a J ) = (3.38) 
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where djj = wfup — QcjjKe K . Assuming djj has no zero eigenvalues, (3.38) implies 
Fq^ = 0, which, together with (3.9,3.10), gives 

q - a 1 qi = (3.39) 

a K = -p K /p°, (3.40) 

qi = qi + 3c IJK p J p K /p° (3.41) 

and the effective potential becomes 

V e ff = (lw 3 )(p ) 2 + w-'f'Mj- (3-42) 

Using d w V e ff = we find 



w = (3 - 43) 



where we have defined the electric potential Ve = f IJ qiqj- So 



V e ff = ^w~ l V E = w 3 (p ) 2 (3.44) 



Eliminating w from £ we find 

4vr 2 



3 



S = —^ Po ^Ve)-^ (3.45) 
We note that, analogous to the ring case where we had e^w 2 = viw -1 , 

p\w 2 = V2W~ 1 (3.46) 
which, via the Hopf fibration, gives us an AdS2 x S 3 /Z p o near horizon geometry. 
3.6 Very Special Geometry 

We now consider the explicit example of J\f = 2 supergravity in five dimensions corre- 
sponding to M-theory on a Calabi-Yau threefold - this gives what has been called real or 
very special geometry [64, 65, 66, 67, 68, 69, 70]. Some properties of very special geometry 
which we use are recorded in Appendix B. Building on the general results of the previ- 
ous sections, to find the attractor values of the scalars and the entropy we just need to 
extremise the relevant magnetic or electric potentials. 

3.6.1 Black rings and very special geometry 

For very special geometry, the magnetic potential is given by 

V M = fuP I p J ( = 5) ±iW/ (3.47) 

where the properties of Hjj can be found in Appendix B. 
Extremising the magnetic potential gives 

diV M = WHup'p 1 ) {B = ] Wpjp 1 ) = (3.48) 
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These equations have a solution 

XXi = pi (3.49) 

This condition follows from one of the BPS conditions found in [33]. To see that (3.49) is 
indeed a solution, we insert it into (3.48), which gives 

diipip 1 ) = d l { Pl )p I (3.50) 

( = 9) Xd^p 1 (3.51) 

{B = 2) ^XHu/diiX- 7 ) (3.52) 

(B = U) -Xpjdi(X J ) (3.53) 

(3 i 9) -X*X jdi (X J ) (B = 10) (3.54) 

We can fix the constant A using (B.3) which gives 

Xj = V - r (3.55) 



so finally we get for X 1 , 



and 



X 1 = ^ r (3.56) 



V M \av=o = \tii.JV l V J = \X 2 H IJ X I X J = ^A 2 (3.57) 

= ^Wp J P j 5 (3.58) 

This is the supersymmetric solution of [33] derived from the BPS attractor equations. 

Notice that (3.51) can be rewritten as extremising the magnetic central charge, Zm = 
Xjp 1 : 

d l {X I )p I = diZ M = (3.59) 

So we see that c^Vm = together with the BPS condition (3.49) implies % extremised. 
The converse is not necessarily true suggesting there are non-BPS black ring extrema of 
Vm — this is discussed below. 

Now, from (3.58,3.32) we find that the entropy is 



£ = 



yJUlCuKptpJpK) = ^r{\C I j K p I p J p K ){e )- 1 (3.60) 



As discussed in Appendix C this gives the correct entropy for the special case of the ring 
solution of [62]. 
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3.6.2 Static black holes and very special geometry 

The analysis for these black holes is analogous to the black rings. From the attractor 
equations for a static black hole, governed by 

Ve = f U qiqj = 2H IJ qjqj (3.61) 

we will get the equation: 

diV E = 2d i (H IJ q I q J ) = ditfqj) = (3.62) 
This will have similar solutions 

a 1 

X 1 = q - r (3.63) 

Similarly, extremising the electric central charge Z e of [33] together with the BPS condition 
implies Ve is extremised. The converse is not necessarily true suggesting there are non-BPS 
black hole extrema of Ve as noted in [71]. 

In a similar fashion to the black ring case, we find that the entropy is given by 

£ = ^p^^mmiAmK]). (3.64) 

which, modulo a different normalisation for the charges, is the same as the entropy quoted in 
[71] (albeit modified due to the presence of a Taub-NUT charge). As shown in Appendix D, 
our charges, qi, are related to those of [71] by 

16^ = Ql (3.65) 

The appearance of the shifted charge qj rather than qj is due to the Chern-Simons term. 

3.6.3 Non-supersymmetric solutions of very special geometry 

In 4 dimensional N = 2 special geometry we can write V e ff or the "blackhole potential 
function" as [5] 

V BH = \Z\ 2 + \DZ\ 2 . (3.66) 

As noted in [5] and [4] (in slightly different notation), for BPS solutions, each term of 
the potential is separately extremised while for non-BPS solutions Vbh is extremised but 
DZ 7^ 0. It is perhaps not surprising that a similar thing happens in very special geometry. 
In fact, this generalisation of the non-BPS attractor equations to five dimensional static 
black holes has already be shown in [71] using a reduced Lagrangian approach. 
The electric potential Ve can be written 

\V E = H IJ qjqj = H'^DjZe^DjZe) + |(Z £ ) 2 . (3.67) 

Solving DjVe = we find a BPS solution, DjZe = 0, and another solution 

\HijZ e + D I D J Z E = 0. (3.68) 
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Similarly, we find the magnetic potential, Vm, can be written 



2V M = H IJP I p J = \Z 2 M + H IJ D I Z M DjZ M (3.69) 

and solving DjVm = we find a BPS solution, DjZm = 0, and another solution 

\H u Zm + DiDjZm = 0. (3.70) 

We conjecture one can obtain some five dimensional non-SUSY solutions by lifting 
non-SUSY solutions in four dimensions which have AdS2 x S 2 near horizon geometries 
using the 4D-5D lift. Furthermore the analysis of [4] should go through so that for such 
solutions to exist we require that extremum of V e ff is a minimum - in other words the 
matrix 

d'Veff 



should have non-zero eigenvalues. 



> (3.71) 

dV=0 



4. General Entropy function 

We now relax our symmetry assumptions to AdSy, x C/(l) 2 , taking the following ansatz 

ds 2 = w- 1 (9)n 2 (9)e 2 ^ {-r 2 dt 2 + ^ + (3 2 d9 2 ^j + ^(^W + e^rdt) 2 

+ w 2 (9){d'ip + eordt + b (9)d(f)) 2 (4.1) 
A 1 = e'rdt + b I (9){d(f> + e^rdt) + a I (9)(dtp + e rdt + b (9)d(/)) (4.2) 
4> s = u s (9). (4.3) 

Now, using (2.5) and then following [40], the entropy function is 

£ = 2vr(J^e + q-e- J d9d<p v / - det g C) (4.4) 



2ir(J ( pe ( p + q- e) 
d9 



7T 2 



2Q- 1 p- 1 (n') 2 - 2Q(3 - 2nf3- 1 (&) 2 + ^n -1 ^ -4 * - f3- l Vth rs {u)u' r u' s 



PoG 5 

+ 4fij{ti)(ei - ah)^ + 2f tj (u) {pn^e'^iei - ah)(e 3 - ab 3 ) - /rW*^} 

+ S [° 2e2 * sin0 (* /+2 ^)]£o- ( 4 - 5 ) 

where fij, fij,h rs and u s related to five dimensional quantities as discussed in section 2. 
Now extremising the entropy function gives us differential equations. 

Using the near horizon geometry of the non-SUSY black ring of [72] , which we evaluate 
in Appendix E, we find that the entropy function gives the correct entropy. 
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A. Dimensional reduction 



In this section present some details of the dimensional reduction of the Chern-Simons term. 
We start with the five dimensional gauge-fields which we assume are independent of the 
fifth direction: 

A 1 = A^daf + A^dy (A.1) 

= A^daP + a 7 (x^) [dy + A^daf) . (A.2) 

From these definitions we can relate the five dimensional gauge field strength to four di- 
mensional quantities as follows 

FU = F U + <JF% + ( W° - MA% (A.3) 

Fly = dua 1 , (A.4) 

where 

F%, = d^Al - d v A\ i = I or 0. (A.5) 
We can now write a five dimensional Chern-Simons term, 

y/=§Ccs = cuKe^A^gF*, (A.6) 



as 



-gCcs = cuK-e^iA^F* + 44^*; 



(A.7) 
(A.8) 



+ 



3c IJK ~e^ (a'(J#, + a J F» v ){F^ + a K ' F%) + ja^a%A^^ 

ScuKi^U^^l^F^ + f (aVa*),^^ ) 
Vv „ ' „ ,J 



(A.9) 



.2 I J „KpO p0 



= 3c IJK e^ (a'f^fj + \^a J {F^F% + F%F%) + \a' a J a K F^ U F%) 



— (1 f. T?3 -iivafi 



(A.10) 
(A.ll) 



where the arrow, "— denotes the use of integration by parts, and g 01234 = g°i23 _ ^ are 
the completely antisymmetric Levi-Civita symbols. 
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B. Notes on Very Special Geometry 

Here we collect some useful relations and define some notation from very special geometry 
along the lines of [33, 71], which are used in section 3.6. 

• We take our CY3 to have Hodge numbers h 1 ' 1 with the index I £ 1,2,..., h 1,1 . 

• The Kahler moduli, X 1 which are real, correspond to the volumes of the 2-cycles. 

• Cijk are the triple intersection numbers. They are related to the couplings defined 
in (2.1) by 

Cijk = m,jK (B.l) 

• The volumes of the 4-cycles Qj are given by 

Xi = X -C UK X J X K . (B.2) 

• The prepotential is given by 

V = l -C IJK X I X J X K = 1 (B.3) 

• The volume constraint (B.3) implies there are n v = h 1,1 — 1 independent vector- 
multiplets. 

• denote the independent vector-multiplet scalars as 4>\ and the corresponding deriva- 
tives di = ^. 

• The kinetic terms for the gauge fields are governed by the metric 

H LJ = -\ d!djlnV\ v=1 = -\{C IJK X K - XjXj) , (B.4) 

where we use the notation for derivatives: di = -^j. In terms of the couplings used 
in (2.1) we have 

H u = hu = 2f u (B.5) 

• The electric central charge is given by 

Z E = xUl (B.6) 

We generalise this to 

Z E = X 1 ^. (B.7) 

• The magnetic central charge is given by 

Z M = X IP T . (B.8) 
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• From (B.2) it follows that 

XiX 1 = 3 , (B.9) 

so 

A^A/ = diX T Xi = . (B.10) 
which in turn together with (B.4) gives 

Xj = 2H U X J , (B.ll) 
diXj = -2H u d t X J . (B.12) 

• As suggested by, (B.ll), we will use 2Hjj to lower indices, so for example, 

PI = 2H IJP J , (B.13) 
which in turn implies we should raise indices with \H IJ ', 

q 1 = \H IJ qj (B.14) 

where H IJ is the inverse of Hjj. 

• In order to take the volume constraint (B.3) into account, it is convenient to define 
a covariant derivative Di, 

D I f = (d I -l(d I lnV)\v=i)f. (B.15) 

Rather than extremise with respect to the real degrees of freedom using di, we can 
take covariant derivatives. 

C. Supersymmetric black ring near horizon geometry 

Here, we will consider the black ring solution of [60], and find the near horizon limit of the 
metric and the gauge fields. This will enable us to compare with the charges defined in 
section 3.1. 

As [60] follows the conventions of [73] the relevant Lagrangian is 



C = R- F^F*" - ^-FapF^Ayf^ . (C.l) 



We can obtain this action from very special geometry by taking, n v = 3 with the gauge 
fields equal to each other, F^ u = F^, fixing the scalars at their attractor value (3.55), and 
taking 

Cijk = \(-ijk\ (C-2) 
where eux is the Levi-Civita symbol. This gives 

X 1 = 1, H u = {\,\,\), (C.3) 

and the Lagrangian becomes 

C = R- IF^ - lF al3 F^e a/3 ^. (C.4) 
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Comparing (C.l) and (C.4) we find 



A - 

2 A 4 

Now, the metric for the black ring solution of [60] is 

ds 2 = -f(dt + uj) 2 + r 1 ds 2 {M A ) , 

where 



r x = i + 



f-l -i . Q ~ Q / \ 1" i 2 2\ 



2i? 2 



4R 2 ' 



ds 2 (]R 4 ) 



i? 2 



1 — X' 



[x -y) 2 \y 2 - I 
and to = u)$(x, y)d'& + u^(x, y)d(j) with 

<l [1-a?) [3Q- q 2 (3 + x + y)] , 



+ (1 - x z )dfr 



8R 2 



u* = o<?(i + y) + ^2 (! - y 2 ) t 3 ^ - 9 2 ( 3 + * + y)] ■ 



(C.5) 

(C.6) 
(C.7) 
(C.8) 

(C.9) 
(CIO) 



The variables $ and <p have period 2ir, while — 1 < x < 1 and oo < y < — 1. The gauge 
field is expressed as, 



A 



V3 



f(dt + u)-±((l + x) <ty+(l + y)d0) 



(C.ll) 



The ADM charges are given by 



7T 



Jo = ^q(6R 2 + 3Q-q 2 ) 



(C.12) 



Near Horizon Geometry 

In these coordinates, the horizon lies at y — ► — oo. To examine the near horizon geometry, 
it is convenient to define a new coordinate r = —R/y (so the horizon is at r = 0). Then 
consider a coordinate transformation of the form 



dt = dv — B(r)dr, 
dtp = dtp' — C(r)dr, 
d-d = d& - C(r)dr, 



where 



B{r) = ^- + ^l + B , C(r) = ^ + C . 



where B 2 = q 2 L/(AR) and d = -q/(2L), with 



L= W3 



,2\2 



Aq 2 



R 2 



(C.13) 
(C.14) 

(C.15) 



(C.16) 
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and 

B 1 = (Q + 2q 2 )/(4L) + L(Q - q 2 )/{3R 2 ) 
C = -(Q-q 2 ) 3 /(8q 3 RL 3 ) 
B = q 2 L/(8R 3 ) + 2L/(3R) - R/(2L) + 3R 3 /(2L 3 ) + 3(Q - q 2 ) 3 /{16q 2 RL 3 ) 
The metric (C.8) becomes 

,2, 



o 16r 4 2 , 2R J J , 4r 3 sin 2 f9 j Jjt/ , 4i?r JQ/ , 3grsin 2 6> 



ds z = — 



-dv H — —dvdr + 



-dt»#' H dvdtf' + 

7t<7 q L 



drdcp' 



+ 2 



qL a 3qR (Q - q 2 )(3R 2 - 2L 2 ) 

— cos a H 

2R 2L 3qRL 



drdtf 



+ L 2 dO> 2 + q - 
4 



A 2 



d6 2 + sin 2 9 {dcp' - dd>) 



(C.17) 



where we have neglected terms which will disappear when we take the near horizon limit: 



r = eLr/R, v = v/e, e — > 0. 
The gauge field (C.ll) becomes: 

A = \\f3~\j (dv + J) - \q ({1 + x} d<j)' + {1 + y} d-d') 
-{fB + C {f^ + fa - \q{l + x) - \q{l - R/r)}) dr 

with to' = ajtfdi9' + u^dtp' In the limit of small r 

f= I 

= T (1 " hf^r + (/i 2 / 2 _1 - 1 + x(x - hf^ 1 )) f^r 2 + O (r 3 )) 



(C.18) 

(C.19) 
(C.20) 

(C.21) 
(C.22) 



where fi = (Q — q 2 )/2R 2 and fa = q 2 /AR 2 . Expanding lo in the limit of small r, we have, 
q 3 (l-x 2 )\l jq (xq 2 + 3q 2 - 3Q) (l - x 2 ) \ 



8R 

- 3 i?l 1 

s + 



8R 2 



(C.23) 



8 r 



xq 



+ 



3q 3 3Qq\ 1 



8 



7 



~77 + 



3 3gi2l 1 



87? 



+ - 



xg 



3q 3 3Qq 3q 



+ 



87? 2 8R 2 8R 2 



+ 



(C.24) 



Expanding out the gauge field (neglecting some terms which can be gauged away) we 
obtain: 



A = \ V3 {- [l + g + 0(r)] + [-§ (x + 1) + 0(r)] d X 
+ [^r 2 + 0{r 3 ) dv + [c r x r + C(r 2 )] dr} 



(C.25) 
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where x = 4> ~ $ an d 

L (i? 2 (2i? 4 - 3) g 4 + (-4Qi? 6 + 6Qi? 2 + 2) q 2 + Q 2 R 2 (2i? 4 - 3)) 



(C.26) 



Finally taking the near-horizon limit (C.18), letting x = — cos 0, x ~ > 4> an d ~^ ^/2, we 
obtain 5 



1 = -^ 



Q + — 



# + ^(cos#-l)# (C.27) 



So using (C.5) to compare (C.27) with (2.3,3.2) we get 

p = p I = \. (C.28) 

Taking the same near horizon limit for the metric we obtain 

AT fl 2 

ds 2 = Idvdr + —rdvdV + L 2 d$' 2 + -j [d0 2 + sin 2 0d(f> 2 ] (C.29) 

Let us for the moment consider the metric for constant and %. If we perform the coor- 
dinate transformation 

d-d' = d-d-—— (C.30) 

2L r K ' 



n 2 df 

dv = dt+^-^ (C.31) 

4 r 2 



we get 



ds 2 = —rdtdtf + L 2 d® 2 + -V^r (C.32) 
q 4 r 2 



Letting 

we obtain the more familiar form of BTZ 



dt = dt' + |cM (C.33) 



4 T cP 1 rJv 

ds 2 = —rdtdV + (L 2 + 2Lr)d$ 2 + — ^ (C.34) 
q 4 f 2 

Now defining 



Z =q f =\{r 2 -r\)/(r + ) 
r+ =L 4> = $ + t'/l 

we get the standard form of the BTZ metric 



(C.35) 



ds 2 = - -= „ + V 2 + —. ^-dr 2 + r 2 (d4> r^M' ) ( C - 36 ) 



l 2 r 2 (r 2 — r\) \ lr 2 
Returning to (C.32) and letting 

t = 1 2 t/A, (C.37) 

t? = V/2 (C.38) 

e o = //£ = g /L (C.39) 



^In our conventions the third angle, 4>, has period 47r. 
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we obtain 

ds 2 = -/ [~rV + ^) + ^ + e°«r) 2 (C.40) 

This gives us the relationship between the AdS 2 and S 11 radii for the AdS% fibration. To 
express this in terms of quantities in section 3.4 we compare (C.40) with our ansatz (3.23), 
which gives: 

uTV = \l 2 , (C.41) 
w 2 = I/V)- 2 . (C.42) 

Upon eliminating Z 2 , one obtains the relation (3.33): 

w ~ 1 v 1 = w 2 {e ) 2 , (C.43) 

which is precisely what we obtained in section 3.4 by solving the equation of motion for w. 
This is analogous to the Hopf fibration of S 3 whose metric can be written 

ds 2 = w- 1 v 2 (d9 2 + sin 2 9d(p 2 ) + u> 2 (# + p° cos 6d(f>) 2 (C.44) 

with 

w ~ l V2 = w 2 (p ) 2 . (C.45) 
Finally, setting, p° = 1, and substituting (C.2,C.28,C.39) into (3.60) gives 

which agrees with the result in [62]. 

D. Spherically symmetric black hole near horizon geometry 

In this section, we find the near horizon geometry of a extremal spherically symmetric 
black holes so that we can relate near horizon and asymptotic quantities. This will allow 
us to compare (3.64) with known results. 

We start with a spherically symmetric metric of the form 

ds 2 = -f(p)dr 2 + r\p){dp 2 + p 2 dn 2 3) ). (D.l) 

Assuming that we have an extremal black hole, near the horizon at p = 0, / will go like 

f(p) = Xp 2 + 0(p 3 ). (D.2) 

Now, expanding (D.l) to first non-trivial order in p, making the coordinate transformations 

r = V(2A 3/2 ), (D.3) 
p = r 1 ' 2 , (D.4) 
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and taking the near-horizon limit; r — ► er, t — > i/e, e — > 0; we can write the metric, (D.l), 



as 



ds 2 = 



f-^ + drpj + ^2 + gin 2 ^2) 



+ ±A _i (dV> + cos0#) / . (D.5) 



Comparing (D.5) with (3.35) (assuming p° = 1) we obtain 

w = A- 1 / 2 /2. 

Following the conventions of [31], the electric charge, Qi, is given by 

H I jF J ^ = f%. 

Now evaluating, (D.7) near the horizon, using (B.5,D.3,D.4,D.6), gives 



Finally, recalling, Ff r = e 1 + c/e , and using (3.8) we get 



16<7/ = Qj 



(D.6) 



(D.7) 



(D.8) 



(D.9) 



as asserted in the text. 



E. Non-supersymmetric ring near horizon geometry 

In section 4, we construct the general entropy function for solutions with near horizon 
geometries AdSi x U(l) 2 . Here, we begin with non-supersymmetric black ring solution of 
[72], and show that it falls into the general class of solutions mentioned in section 4. Then 
we also evaluate the entropy of the black ring by extremising the entropy function. We 
consider the action 



1 



16ttG 5 

The metric for the non-SUSY solution is [72] 
1 H x F, 



R ~ I f2 " ST! c> """' SA i' F ^ F -' s 



+ hF x H x H„ 



R 2 



G v 2 dy 2 i dx 2 G 3 



V—dib 2 — -l I- 

F y Hf V G y + G x + F x Hl' 



y (x - y) 2 

The functions appearing above are defined as 

F 5 = l + A£, G( = (l-e)(l + uO, Ht = l-rf, 

and 



h = l + 



F H 

1 x- L1 y 



(x-y)(X + fi) 



(E.l) 



(E.2) 

(E.3) 
(E.4) 
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with 

s = sinh a 
The components of the gauge field are 

A] = VSc/hs , 

;R(i + y)s 



c = cosh a 



h 

R(l + x)c 
Ji 



C x (c 2 -h) c2 _ c 3c 2 -h 
s^" Fit Hi, 



£x g 2_ c 3c 2 - 2h 



(E.5) 

(E.6) 
(E.7) 

(E.8) 
(E.9) 



A choice of sign e = ±1 has been included explicitly. The components of the one- form 

,4° = dij + Al deft are 



A%{y)=R{l + y)c 



C\ 2 2 
c — —s 



A°Ax) 



R 1-x 2 c ^ 3 ^ 

FxHx 1 + A 



The coordinates x and y take values in the ranges 

— 1 < x < 1. — oo < y < — 1, < y < oo. 



(E.10) 
(E.11) 

(E.12) 



The solution has three Killing vectors, d t , d^, and d^, and is characterised by four di- 
mensionless parameters, A, fi, a and u, and the scale parameter R, which has dimension of 
length. 

Without loss of generality we can take R > 0. The parameters A, [i are restricted as 



< A < 1, < ^ < 1. 
The parameters are not all independent — they are related by 



1 + A 
1 - A 





3C M 


TTa' 2 - 













1 +/X 

1-A* 



which, in the extremal limit, ^ — ► 0, implies 

M3 + ^ 2 ) 



A 



1 + 3^ 



and 



s 2 = -^- 2 -l) 



To avoid conical defects, the periodicities of ift and (ft are 



Aift = Acft = 27TV 7 ! - A(l + /i)3. 



(E.13) 

(E.14) 
(E.15) 

(E.16) 
(E.17) 

(E.18) 
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E.l Near horizon geometry 

In the metric given by (E. 2), there is a coordinate singularity at y = —1/u which is the 
location of the horizon. It can be removed by the coordinate transformation [72]: 



-F y H 3 

dt = dv + A°Jy) -dy , 



G,, 



Letting, v — > 0, making the coordinate change 

x = cos 6, y 



dnj) = dip' - 



R 



-F H 3 



G v 



dy. 



and expanding to first non-trivial order in f , the metric becomes 
ds 2 = [H X K X ] (-r 2 dtp' 2 + 2fiRd^'df + n 2 R 2 d6 2 ) 



(E.19) 



(E.20) 



+ 



» 2 K X 
H 2 F XJ 



R 2 sm 2 0d<p l 



XF T H r 



(dv + c^RdiP') + Aj(x)d^) 2 + . . . (E.21) 



where 



and 



C x c 2 3s 2 C, 



A 



+ 



/i 



K x = F x + s 2 {\ + \/^). 



(E.22) 



(E.23) 



We have neglected higher order terms in f which will disappear when we take the near 
horizon limit below. Letting 



4> = y/ + v/Rc^p 

u = v/Rc^e 
r = er 



(E.24) 
(E.25) 
(E.26) 



and taking, e — > 0, the metric becomes 



ds 2 = [H X K X ] (-r 2 du 2 + 2/iRdudr + fj 2 R 2 d9 2 ) 



+ 



V 2 K X 
H 2 F X 



R 2 sin 2 6d(f> z + 



Now we let 



XF X H X 
»K 2 

fiRdr 



ty(Rdijj) + 



du = du' + 

- ?L 

~ \iR 

Now we use the periodicities of <f> and ip to redefine our coordinates, 

dp — > Ldp, dtp — > ^ , 



(E.27) 

(E.28) 
(E.29) 



(E.30) 
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where 

L = VT^X(1 + {if 2 . (E.31) 
Finally we can write the metric as in (4.1), 

ds 2 = w-\9)n 2 (e)e™W (_ r 2 dt 2 + + pap} + w-\e)e-^ e \d4 + e^rdt) 2 

+ w 2 (e){dtp + e rdt + b (e)d(l)) 2 (E.32) 

A 1 = e 1 rdt + b 1 {9)(d(/) + e^rdt) + a 1 {9)(di/j + e rdt + b (0)d(/)) (E.33) 

with, 

T 2 

ft = ^3/2 A l/2_ Ci>R 3 s[n Q^ ( E .34) 

^ _ L3 M 3/2 A l/2 c ^3 sin 2 g 
e " 9ff 3/2 1/2 

e4> = e = (E.36) 



LXF x H x c^R 

\ 2fi K x K J 
2A° 

= (E - 38) 

The expression for the gauge fields reduce to, 

A] = (E.39) 

4 = > W = 4*P^-C,<^) (E.40) 

4 = *<«) + . WW . _ ^+°-») ( _ C„|^) (E.41) 

v ft \ 1 + A cos 1 — ft cos # / 

and the expression for 6 1 is, 

= y/3ifc(l + cosfl) / C x s 2 _ Q (3c 2 - 2h) 



h \ 1 + A cos 6* M 1 — n cos 

where 

1 + A cos 

Then using the entropy function(4.5), the entropy of the non-supersymmetric black ring 
can be expressed as, 

£ = 2ir 2 R 3 [fi 3/2 \ 1/2 (l - A)(l + fif(C x c 2 /X + 3s 2 C fl /fi)c\ (E.44) 

which agrees with the extremal limit, v — > 0, of Bekenstein-Hawking entropy of the black- 
ring solution in [72]. 
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